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(Indeed, there is no general formula for these solutions.) We can then
encapsulate the results in a single geometric object such as a time series
graph.

This illustrates an important general principle: discrete mathematics
is often more accessible than continuous mathematics (calculus). The
Verhulst law can be introduced and studied through tables of values as
soon as students begin their study of algebra, usually four years before
they are introduced to calculus. However, it is also harder to derive the
detailed mathematical structure of discrete systems, and their treatment
tends to be experimental or at least computer based.

Numerical Experiments

The Verhulst law offers an excellent opportunity for numerical ex-
periments using only elementary arithmetic and calculators.3'23 Even
elementary school children can follow the rules, years before they are
introduced to the formalism of algebra. The Verhulst law, whose alge-
braic form is

can easily be translated into a table or a spreadsheet for exploration for
various values of the parameter m. (Note that we are now using p to
signify the population proportion, which we previously called <?, rather
than the population size.)

Start with some value of p(0), say 0.1, and calculate in turn p(l)9
p(2), p(3), .... In words: new population equals old population minus
the square of the old population, multiplied by a constant.

For example, suppose m = 2. Then the successive values are

0.1,   0.18,   0.295,   0.416,   0.486,     0.499,   0.5,   0.5,   ....

We see initial growth, settling down to a specific final level. This growth
is similar to the experimentally verified growth of yeast and other ho-
mogeneous populations (see Figure 2). When m = 3 we get

0.1,   0.27,   0.591,   0.725,   0.598,     0.721,   0.603,   0.717,   ....

The values in this case appears to oscillate between about 0.6 and 0.7.
(In fact, this oscillation eventually dies out, but very slowly: it becomes
more apparent at m = 3.1 or 3.2.) Finally, consider m = 4:

0.1,   0.36,   0.922,   0.289,   0.821,     0.585,   0.970,   0.113,   ....

Now we see no clear pattern at all! What has happened?

The Verhulst law leads to a rich range of behavior, including periodic
oscillations and apparently patternless, irregular behavior. The latter
is known as chaos. Here a simple experiment using a calculator brings